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Abstract. This paper is concerned with the problem of showing a local fibration
is a fibration. There are two kinds of local to global theorems proven. The first type
of theorem considers local fibrations where local is in terms of closed covers of the
base (e.g. the set of closed simplices of a polyhedron, the cones of a suspension). The
second type of theorem deals with local in terms of open covers of the total space.

1. Introduction. The now classical Uniformization Theorem in the theory of
fibrations [1] states that in the paracompact situation a local fibration is a fibration,
where local is in terms of an open cover of the base. One of the main objectives of
this paper is to derive similar local to global theorems in cases where the covers
are closed, e.g. the set of closed simplices of a polyhedron. In addition, we also
prove (with more generous hypothesis) the Hurewicz fibrations version of a result
of Cheeger and Kister [2], that a local local disk bundle is a bundle.

2. Preliminary definitions and notation. Given a topological space X we will be
studying the category Z#(X) of spaces over X. An object in F(X) is a triple
¢=(E, p, X) where p: E— Xis amap. If é=(E, p, X) and ¢ =(E’, p’, X) are two
spaces over X, a morphism f: § — £ in this category is a fiber preserving map
fE—E' ie. p'fley=p(e) for all ec E. If A< X and £=(E, p, X) we will denote
by é.=(E4, pa, A) the triple (p~1(4), p|p~*(A4), 4) in F(A4). Often we will use p
for the restriction p, when there is no chance for confusion. Furthermore, the
notation E, does not exhibit the map p as it should. However, the text will make
clear the map in question used to form E,.

An object £=(E, p, X) in #(X) will be called a Hurewicz fibration if it has the
universal covering homotopy property (CHP), or equivalently there is a lifting
function A: Q, — E'. Recall that a lifting function for ¢=(E, p, X) is a map

A Q, = {(e, w) € Ex X" | p(e) = w(0)} - E!
such that
Me, w)(0) = e and pA(e, w)(t) = w(2).
A Hurewicz fibration will be called regular if it has a regular lifting function, that is,
a lifting function such that if w is a constant path, A(e, w) is a constant path for any
e with (e, w) € Q,.
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DErFINITION 2.1. A< X (or the pair (X, 4)) is called a cofibration if, for any
space Y, any partial homotopy H: Xx{0} U AxI— Y can be extended to a
homotopy H: XxI— Y.

Classically this property was called the homotopy extension property (HEP),
and in Theorem 3.5 this terminology is more appropriate.

We will say (X, 4) is a closed cofibration if in addition A is closed. If X is a
Hausdorff space A< X, a cofibration = A is closed, so for a reasonable class of
spaces, this is no real restriction.

DEFINITION 2.2. X is a uniformly locally contractible (ULC) space if there is an
open set U< X x X containing the diagonal AX of X and a map o: U — X! with

(1) o(x, y)(0)=x,

(i) o(x, )(D)=y,

(iii) o(x, x)(t)=x,alltel

REMARK. If AX< X x X is a closed cofibration, then X is ULC.

In fact if X is metric, then X is ULC if and only if ,X< X x X is a cofibration.

This is a useful category of spaces since it includes the ANR’s. Whether it is a
bigger category is still unknown in the infinite-dimensional case.

Finally, given a path w: I — X and s € I we will have occasion to use the paths
w;s and o* defined as follows:

@'(t) = w(t+s) f0=t+s5=1,

= w(l) otherwise,
wy(t) = w(t) if0<t=<s
= w(s) ifs<t 1.

3. Cofibrations and fibrations. We will need the following two lemmas, proofs
for which can be found in [3].

Lemma 3.1. If (X, A), (Y, B) are closed cofibrations, then (X x Y, XxBU Ax Y)
is a closed cofibration.

LemmA 3.2. If (X, A) is a closed cofibration and é=(E,p, X) is a Hurewicz
fibration, then E,< E is a closed cofibration.

LemMA 3.3. If ¢é=(E, p, X) is a Hurewicz fibration and (X, A) is a closed co-
fibration, then (Q,, Q,,) is a closed cofibration.

Proof. Let 7m: Q, — X! by n(e, w)=w. Then (Q,, =, X’) is a Hurewicz fibration
since it is the pullback of ¢ by the map «: X7 — X which takes w — w(0). The
result then follows from Lemma 3.2 since A< X a closed cofibration = 4'< X
is a closed cofibration.

For fibrations we have the notion of Fiber Homotopy Extension Property
(FHEP) which corresponds to the Homotopy Extension Property (HEP).

DErINITION 3.4. (X, A) has the FHEP if and only if for any Hurewicz fibration
(E,p, B) and map G: Xx{0} U AxI— E such that pG(x, t)=pG(x,0), x€ A4,
0<t<1, there is an extension H: X x [ — E of G such that pH(x, t)=pH(x, 0).



1972] LOCAL TO GLOBAL THEOREMS 181

The following theorem is a reformulation of a result of Allaud and Fadell [4].
We will include a proof here since the proof in [4] does not cover the case of a
Hurewicz fibration without a regular lifting function.

THEOREM 3.5. (X, A), A closed, has the FHEP if and only (X, A) has the HEP.

Proof. If (X, A) has the HEP we have a retraction r: XxI— Xx{0} U AxI.
We define @: X — I by

O(x) = max |mar(x, t)—t].

Here my: X x{0} U AxI— I is projection on the second coordinate. Using the
assumption that A is closed it is easy to see that ®(x)=0 if and only if x € 4.

Given ¢=(E, p, B) a Hurewicz fibration and G: X x {0} U A xI — E as above,
G can be extended to X xI by taking Gr: XxI— E. We now define a map
F:Ix X — B' by

F(t, x)(s) = pGr (x, o)1 ;s(f)‘ (D("))) if0 <5< O(x)-4/2 and D(x) # 0,

= pGr(x,t) if0 =< s = ®(x)-¢/2 and O(x) = 0,
= pGr(x, D(x)-t—s) if O(x)-1/2 £ 5 £ O(x)-¢,
= pGr(x,0) if &(x)-1 <s = 1.
If we let
H(x,t) = XGr(x,t), F(t, x))(D(x)-1)
where A is a lifting function for &, H satisfies the requirements of Definition 3.4.
Conversely, if (X, 4) has the FHEP and we have a map 4: Xx{0} U AXxI— Y

we wish to extend, let p: Y — B where B is a point. Then we can apply the FHEP
to & and the Hurewicz fibration (Y, p, B) to obtain the desired extension.

4, Some local to global theorems. Using the Fiber Homotopy Extension
Theorem (Theorem 3.5) we now establish the Lifting Extension Theorem which
will allow us to match lifting functions over cofibrations.

THeOREM 4.1. If (X, A) is a closed cofibration and é=(E, p, X) a Hurewicz
fibration, then any lifting function A, for ¢, extends to a lifting function for &.

Proof. By Lemma 3.3, Q,, = Q, is a closed cofibration. Therefore by Lemma 3.1,
(Q,x1I, Q,x{0} U Q,, xI)is a closed cofibration and has the FHEP by Theorem
3.5. Let A be a lifting function for ¢ and define G: Q,xIx{0} U Q,x{0}x1
U Q,, xIxI— E as follows:

G((e, w), 1, 5) = e, w)(?) ifs=0,(ew)e Q,,
=e ift =0, (e, w)eQ,,
= M(e, 0)(0) f0<1<s(eweq,,

= A6, 0)(s), )(t—5) ifsS 121, (e,w)eQ,,
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Now since (Q,x1, Q,x{0}U Q, xI) has the FHEP there is a map
H: Q,x IxI— FE extending G, such that pH((e, w), t, s)=pH((e, w), ¢, 0). Thus

pH((e, w), t,5) = pG((e’ w),1,0) = w(?).

Therefore if we let A: Q, — E’ be A(e, w)(t)=H((e, w), t, 1), A will be the desired
lifting function for ¢ extending A,.
We can now prove some local to global theorems.

THEOREM 4.2. Let X be a metric space of the form X=X, U X, with X; N X,
< X, a cofibration, and X; ULC, i=1, 2. Then if £=(E, p, X) is such that {x, and ¢x,
are Hurewicz fibrations, ¢ is a Hurewicz fibration.

REMARK. Note that X; and X, are closed sets in this theorem.

Proof. By the Lifting Extension Theorem we can assume there are lifting
functions A, and A; for ¢4, and £y, respectively such that A; and A, agree as lifting
functions for £y ~x,. Furthermore, since X is metric, we can assume A; and A, are
regular. By the Uniformization Theorem [1], we need only show that every point
in X has a neighborhood U such that &, is a Hurewicz fibration, and obviously it is
sufficient to consider points in X; N X, every neighborhood of which intersects
X,—X; N X, and X,— X, N X, nontrivially.

Since X; N X,< X, are cofibrations, X; N X, is a neighborhood retract of X.
Therefore by West [5, Lemma 5.8], given x, € X; N X, there is a neighborhood
U of x, and a map o: Ux U — X' such that

(1) o(x, y)(O0)=x,

(2) o(x, y)(D)=y,

(3) o(x, x)(@t)=x,all tel

@4 If xeU=X,N Uthen o(x, y)(t) e X;for 0=1=4, i=1, 2.

(5) If ye U, then o(x, y)(t) € X, for $ 11, i=1, 2.

We can now define a slicing function : Ey x U — Ey; as follows:

Ple, x) = M[Ai(e, o(p(e), X)112)(1), o(p(e), x)*'2)(1) if (e, x) € Ey, x Uy,
= Xg[As(e, a(p(e), x)112)(1), a(p(e), x)*?I(1) if (e, x) € Ey, x Uy,
= A[As(e, o(p(e), X)1/2)(1), o(ple), x)*'2)(1) if (e, x) € Ey, x Uy,
= A[Ax(e, o(p(e), x)12)(1), a(p(e), x)'21(1) if (e, x) € Ey,x U,.
¢ is a slicing function, that is, py(e, x)=x and (e, p(e))=e, and thus &, is a
Hurewicz fibration. (A lifting function A is defined by A(e, w)(?)=4(e, w(?)).)
Therefore by the Uniformization Theorem, ¢ is a Hurewicz fibration.

CoROLLARY 4.3. If K is a locally finite simplicial complex and ¢é=(E, p, |K|) is
such that €4 is a Hurewicz fibration for each closed simplex 6", o™ € K, then ¢ is a
Hurewicz fibration.

Proof. For finite simplicial complexes the proof is by induction on the number
of closed simplices using the previous theorem for the inductive step. The general
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case follows from this since there is an open cover of | K|, {U,}se4 such that U, is a
finite simplicial complex.

It is interesting to note that results similar to Theorem 4.2 and Corollary 4.3
hold in the locally trivial category. We will list them here without proof for
comparison.

THEOREM 4.4. If ¢=(E, p, X1 U X,) is such that &4, is locally trivial and X, N X,
< X, is a closed neighborhood retract, i=1, 2, then ¢ is locally trivial.

COROLLARY 4.5. If K is a locally finite simplicial complex and ¢=(E, p, |K]|) is
such that & is locally trivial for each closed simplex ", o™ € K, then ¢ is locally
trivial.

5. Applications. The next theorem is an application of Corollary 4.3 to Serre
fibrations. Recall that a triple £=(E, p, X) is a Serre fibration if it has the CHP for
polyhedra. This theorem generalizes the polyhedral case of a theorem of Ungar
[6] which shows a Serre fibration with base and total space compact ANR’s is a
Hurewicz fibration.

THEOREM 5.1. Let K and L be simplicial complexes, K locally finite. Then if
é=(|L|, p, |K]) is a Serre fibration, ¢ is a Hurewicz fibration.

Proof. By Corollary 4.3 it is sufficient to show that for any closed simplex
&", o" € K, £;n is a Hurewicz fibration. Let V be an open set containing 6" such that
there is a map «: V'x V— |K|! with

(l) a(x9 J’)(O)= X, X,y € v,

(i) «(x, y)(D)=y,x,y€V,

(iii) e(x, x)(t)=x,x€V,tel
By choosing a suitable subdivision L’ of L we can find a subcomplex X of L’ such
that p~(¥)>|X|>p~%("). Now let d: |K| — I be a metric and consider the

following diagram:
p i)
%

|X| x 3% {0} —> | X| x " x I T |K|
The maps fand H are given by f(e, y)=e and
H(e,y, t) = a(p(e), y)(t/d(p(e), y)) if0 =t < d(p(e),y) # 0,
= ple) if d(p(e), y) = 0,
=y ifd(ple),y) =t < 1.
Since X is a simplicial complex and ¢ a Serre fibration, there is a map
H:|X|xé" xI—|L]|
with
(l) H(e’ Vs O)=e’
(2) pH(e’ s t)=H(ea Vs t)‘
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We can now define a slicing function ¢: p~1(¢") x 6" — p~1(g") by
(e, x) = Hie, x, d(p(e), x)).

Thus &;» is a Hurewicz fibration and by Corollary 4.3, ¢ is a Hurewicz fibration.

The next theorem is an application of Theorem 4.2 which allows us to conclude
that a map over a suspension is a Hurewicz fibration if and only if the part over
each cone is a Hurewicz fibration.

THEOREM 5.2. Let X be a metric space of the form X=X, U X, with X; N X,
< X, a closed cofibration and X; ULC, i=1, 2. Then if B is an arbitrary topological
space and £=(E, p, Bx X) is such that {5, x, is a Hurewicz fibration, i=1,2, £ is a
Hurewicz fibration.

Proof. We will show that (E, = p, B) and (E, myp, X1 U X;) are Hurewicz
fibrations, and the lifting functions are nice enough so that we can put them to-
gether to obtain a lifting function for £. Here =; is again the projection of Bx X
into the ith coordinate.

Let A, be a lifting function for £z x,, i=1, 2. Then, since X; N X,< X, is a closed
cofibration, Bx (X, N X,)<Bx X, is also a closed cofibration and by the Lifting
Extension Theorem we can assume A; and A, agree as lifting functions for
€5« x,nxe- NOW if (e, w) € Q, ,={(e, ) € Ex B'| m; p(e) = w(0)} let

(e, w)(t) = Ale, (w, m2p(e))](r) if e € Epxx,,
= Ale, (w, mp(e))(t) if e€ Epxx,

where we consider (w, myp(e)) as the path in Bx X, given by (w,w,p(e))(?)
=((t), myp(e)). It is easy to check that «;:Q, ,— E' is a lifting function for
(E, m,p, B). Note also that m,pa;(e, w)(t) =m2p(e). We will need this later when we
define a lifting function for &.

Now consider (E, myp, X; U X,). Lifting functions for (Ex,, mop, X)), i=1, 2, are
given by (e, w)(t)=A(e, (m1p(e), w))(t) where (m;p(e), w) is the path given by
(m1p(e), w)(t)=(m, p(e), w(t)). (Here Ex,=(mp)~'(X)).) Note that

m pAe, w)(t) = m p(e, (mp(e), w))(t) = mip(e)

and that A; and A, agree as lifting functions for (Ex,x,, m2p, X1 N X3).
The argument used to prove Theorem 4.2 will produce a regular lifting func-
tion oy with the additional property that

1) m pag(e, w)(t) = mp(e).

To see that (1) holds it is necessary to check that this property is preserved at
each stage of the proof of Theorem 4.2 using A; and A,. Since the argument is
somewhat tedious, we will omit it here.
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Therefore we have a lifting function «, for (E, = p, B), and a regular lifting
function «, for (E, mop, X) such that

0)) mpag(e, w)(t) = m p(e)
and
2 mopay(e, w)(t) = map(e).

We now define a lifting function «, x «, for (E, p, Bx X) by
ay X ag(e, w)(t) = ey[as(e, maw;)(1), mw](r).
The second lifting by «, is defined since
m pag(e, mw,)(1) = mip(e) by (1).
We can now see that «; x «, is a lifting function.
m1p(0 X )€, w)(t) = my poy[as(e, maw)(1), mw](t) = mw(t)
since o, is a lifting function for , p.

map(ay X ag)(e, w)(t) = mypay[as(e, maw,)(1), me)(t)
= mypay(e, mewy)(1) by (2)

= mwy(l) = "2"-’(t )
since «, is a lifting function for =,p. Thus we have
pley x ap)(e, w)(t) = (mw(t), m(r)) = w(?).

We need to show now that o, x ay(e, w)(0)=e. If =0 then w;=w, is the constant
path at p(e) which implies

oy X ag(e, w)(0)

oy [ez(e, mawo)(1), mw](0)

ay(e, mw)(0) (since ay is regular)
=e.

Therefore ¢=(E, p, Bx (X; U X,)) is a Hurewicz fibration.

For the following corollary we let £X denote the suspension of X, i.e. 2X is
Xx[—1,1] with Xx{—1} and X x{1} identified to points. Let C+ X be the
“upper” cone in ZX, that is, X x [0, 1] with X'x{1} identified to a point, and
similarly C— X is the “lower” cone.

COROLLARY 5.3. If é€=(E,p,ZX) is such that é..x and &..x are Hurewicz
fibrations, then ¢ is a Hurewicz fibration.

Proof. Consider X x [—4,4]<2ZX. Then £x.;_1/2.0y and €x (0,1/2; are Hurewicz
fibrations. Therefore by Theorem 5.2, £x.(_1/2,1/2; is @ Hurewicz fibration. Now
since C+ X, C— X and X x [—14, 3] form a numerable cover of 2, it follows that
¢ is a Hurewicz fibration by the Uniformization Theorem (see [7]).

6. Local local theorems. In this section we will prove that we can localize the
problem of deciding when a map is a Hurewicz fibration on the total space in much
the same way as the Uniformization Theorem localizes the problem on the base.
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DEFINITION 6.1. ¢=(E, p, X) is locally locally a (regular) Hurewicz fibration if
for any e € E there are neighborhoods U of e and ¥ of p(e) such that (U, p | U, V)
is a (regular) Hurewicz fibration.

We will now list some technicalities as lemmas since they will be used many
times in the proof of the main theorem of this section. We will omit the proofs
since Lemmas 6.2 and 6.3 are well known, and Lemma 6.4 is a simple exercise
using the definition of continuity and regularity of A, and the compact open
topology on X"

LEMMA A 6.2. Suppose (E, p, X) is such that p is a proper map, X and E are
Hausdorff, and X is locally compact. Then for any open set U>p~1(x), x € X, there
is a neighborhood V of x such that p~ (V)< U.

LemMA B 6.3. Suppose (E, p, X) has the property that p is closed. Then for any
open set U> p~(x) there is a neighborhood V of x such that p~*(V)<U.

LemMA C 6.4. Suppose ¢=(FE, p, X) has a regular lifting function A and that
x € X, ey € p~1(x) and U< E is a neighborhood of e,. Then there are neighborhoods
Ve X of x and U'<p~Y V) of e, with the following properties:

1) Ucp (V)N U.

Q) If we V!, ec U’ and p(e)=w(0), then Xe, w)(t) € U, forall te I

We can now prove a local local to global theorem.

THEOREM 6.5. Suppose ¢=(E, p, X) is such that X is paracompact and either

A. p is proper, X locally compact, and E Hausdorff; or

B. p is closed, E metric, and p~(x) compact for all x € X.

Then if ¢ is locally locally a regular Hurewicz fibration, ¢ is a regular Hurewicz
fibration.

Proof. We will prove the theorem under Hypothesis A. The proof under Hy-
pothesis B is similar except that we use Lemma B instead of Lemma A, and use
the metric on E to define the functions ® and ¢ used in the following proof for
case A.

X is paracompact, thus by the Uniformization Theorem we need only show that
for any x € X, there is a neighborhood N of x such that £y is a regular Hurewicz
fibration. Since p~(x) is compact and ¢ is locally locally a regular Hurewicz
fibration there are open sets Uy, ..., U, and V1, ..., ¥, such that p~(x)= Ui, U;
and (U,p|U,V), i=1,...,n, are Hurewicz fibrations with regular lifting
functions A, i=1,...,n, respectively. Also, since |J}-; U; is a neighborhood
of p~!(x), we can, by Lemma A, find a neighborhood ¥ of x such that
p i (V)eUp-, U, Let Uy=p~*(P) N U,

The data {{U},-......; V} then has the following two properties:

1) (U,p| U0, V), i=1,...,n, are regular Hurewicz fibrations;

@ 7 (P)=Ur-1 U..
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The theorem will be proven by induction. We will show that given data
{{U}i=1....n; V} as above we can find another set of data {{U{};-,.. ._1; P’} with
the same properties.

Since X is a locally compact Hausdorff space, there is a neighborhood W of x
such that W is compact and W< V. p~1(W) is a compact Hausdorff space, since
p is proper, and is the union of relatively open sets Q,=U, N p~*(W) such that
(Qip| Q, W), i=1,...,n, are regular Hurewicz fibrations.

Consider Q; —UJ?r-2 @; and P~ Q;— Q,. They are disjoint closed subsets of
Ur-; Q;=p~%(W), a normal space. Therefore we can find a Urysohn function
@: Uiy Qi —1 with ©(Q, U2 @)=0 and ®(Ui-; Qi—Q1)=1. 1[4, 3]
is a closed subset of Q; N (J-, Q; and thus ®~*[4, ] N p~*(x) is compact. By
Lemma C we can cover ®~1[}, 3] np~(x) by a finite number of open sets
0, ..., On so that the lift of any path in W n (V, n---n 7,) by A, to any point
in 0, U---U 0, lies in ®~(}, ). Here ¥, corresponds to J; as in Lemma C and
A, is the fixed regular lifting function for (Us, p | Uy, V4).

Now the set

P W)N{@ 0, HuU 0, V-V 0, U 073, 1]}
is a neighborhood of p~1(x) in p~Y(W). Therefore we can apply Lemma A to find
a neighborhood G of x such that
PG S p W) N {0, H U 0, V-V 0, U B, 1]
Now let L be a neighborhood of x such that L is compact and L& G. Then p~(L)

is a compact Hausdorff space. Let

Of = 0,np L) and O = ginp X(D),
A =010, Hnp YD) (Gt v---v O,

and

B =013 11np~(D—(JFv---v OF).
Then A4 and B are disjoint closed subsets of p~*(L). Now considercl (Q¥ U Q¥) N 4
and cl(QF U 0%) N B. These are disjoint closed subsets of c1 (QF U Q¥). c1(Q¥ L 0¥)

is closed in p~*(L) and thus is a compact Hausdorff space. Therefore we can find
another Urysohn function : cl (QF U Q¥) — I with

Plel(QfV 0N Al =1 and [l (QF v QF) N B] = 0.
We now define a regular lifting function for Q¥ U Q% by
Me, w)(s) = (1) M(e, w)(s) ifee(QTV Q) N4,
=(2) Afe, w)(s) ifee(QF VU QF) N B,
=(03) Ale w)(s) if0 =5 = yY(e),
=@ 2(e w)((e), @) (s—i(e)), ifle) =5 =1,

where A, is the regular lifting function chosen for (Us, p | U, V5).
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Note that by the choice of the J; in the preceding argument the composition in
part (4) is defined. It is clear that A is a regular lifting function for QFf U Q%.
Therefore we define

Ui = (QF v 03) np~X(L),
Ui, = Q;k+1 ﬂp-l(L), i= 2,...,"—1,
V' =L

The data {{U{};-1....n_1; V'} then has the following two properties:

M U, p | U/, V", i=1,...,n—1, are regular Hurewicz fibrations;

2 p~'(?)=Uwt U..

By induction then, we can find a neighborhood N of x such that £y is a regular
Hurewicz fibration, and thus since X is paracompact, ¢ is a regular Hurewicz
fibration.
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